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PROPERTIES OF MULTIELECTRODE 
RC DISTRIBUTED CIRCUITS* 
K.W. Heizer** 
Introduction. RC distributed networks with shaped electrodes 
have been discussed before [ l - 8 1 .  The purpose of this paper 
is to discuss some of the properties of these distributed 
networks. 
The type of configuration to be considered is shown in 
Fig. 1. It is composed of a resistive layer, a dielectric 
and a conducting electrode. The conducting electrode is sub- 
divided. The shape of these electrodes determines the circuit 
parameters. The resistive layer has uniform resistivity except 
for conducting tabs placed across each end. 
Circuit Parameters. The schematic representation of the cir- 
cuit is shown in Fig. 2. The short circuit parameters for this 
network have been derived [ 6 1  and are given here. 
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R i s  i n  ohms p e r  squa re .  
s i s  t h e  complex f requency  v a r i a b l e .  
C i s  i n  f a r a d s  p e r  u n i t  area.  
The c a p a c i t y  o f  e l e c t r o d e  number 3 t o  t h e  r e s i s t a n c e  l a y e r  i s  
a f u n c t i o n  of  x and-y .  I n  t h e  above e q u a t i o n s  t h i s  has  been 
"f ined by t h e  F o u r i e r  expans ion  i n  two var iab les .  
m m c ( ~ )  = c 1 1 c ~ ~ ) s i n ( - ) C o s ( m + )  nnx . 
L n = l  m=O 
I n  t h i s  case Cnm ( 3 )  i s  a d i m e n s i o n l e s s  F o u r i e r  c o e f f i c i e n t .  
Parameters y41, y42, and y44 are  s i m i l a r  t o  y31, y32, and y33 
r e s p e c t i v e l y  if C ( 3 )  i s  r e p l a c e d  by CA:). Any number of elec- 
t r o d e s  c a n  be accoun ted  f o r  i n  a s i m i l a r  manner. I f  o n l y  p re -  
de t e rmined  t e r m s  i n  t h e  series are non-zero and these t e r m s  are  
under  c o n t r o l ,  t h e n  t h e  pa rame te r s  are r a t i o n a l .  T h i s  i s  cer- 
t a i n l y  t h e  case f o r  s h o r t  c i r c u i t  t r a n s f e r  a d m i t t a n c e s  from any 
e l e c t r o d e  t o  t e r m i n a l s  1 o r  2 where c o n t r o l  o f  o n l y  Cno i s  
mn 
I n  F ig .  1, e l e c t r o d e  number 3 i s  bounded by ( 0  f Y f f ( x ) )  
and ( 0  < x 2 L )  . I n  t h i s  c a s e  - 
- nnx 
'no - 2. L J f ( x )  S i n y x  . 
0 
The C n O ' s  are t h e  F o u r i e r  c o e f f i c i e n t s  i n  t h e  expansion of f ( x )  
on t h e  in t e rva l - -L  < x < L where f ( x )  i s  cons ide red  t o  be an 
odd f u n c t i o n .  
has  been shown [ 6 1  t h a t  i f  
I n  t E i s  r e p o r t  C o o  i s  always zero.  However, it 
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Th i s  a l l o w s  f o r  a d i r e c t  s y n t h e s i s  of a s h o r t  c i r c u i t  t r a n s f e r  
f u n c t i o n .  If i t  has  a ze ro  a t  t h e  o r i g i n  it i s  p o s s i b l e  t o  use  
e i t h e r  ( 3 )  o r  ( 5 ) .  I f  t h e r e  i s  no ze ro  a t  t h e  o r i g i n  t h e n  ( 1 2 )  
i s  a p p l i c a b l e .  The o n l y  requirement  i s  t h a t  t h e  f u n c t i o n  f ( x ) ,  
a s  d e f i n e d ,  be  w i t h i n  t h e  bounds of t h e  r e c t a n g u l a r  s t r u c t u r e .  
Th i s  method i s  quick  and easy  b u t  no t  p e r f e c t l y  g e n e r a l .  There 
are some c a s e s  where f (x) goes o u t  of  bounds. 
A n  impor t an t  p r o p e r t y  of t h i s  form of  d i s t r i b u t e d  c i r c u i t  
i s  t h a t  many moderately h igh  degree  f u n c t i o n s  can be  r e a l i z e d  
w i t h  a s i n g l e  s t r u c t u r e  even ze ros  i n  t h e  r i g h t  h a l f  of t h e  s 
p l a n e .  The p o l e s  a r e  r e l a t e d  by (71 ,  b u t  any of t h e  r e s i d u e s  
may b e  zero .  F l e x i b i l i t y  can be i n c r e a s e d  by t h e  combination 
o f  several  of t h e s e  networks.  
Example. I f  g iven  a d e s i r e d  t r a n s f e r  f u n c t i o n  of 
s 2 + s + 4  
f ( s )  = (s+l) (s+4) 
t h e n  i t  may be expaiided i n  t h e  form of ( 1 2 )  as 
This  de t e rmines  t h e  f u n c t i o n  f ( x ) .  
Then i f  RC = ( n / L )  2, t h e  d e s i r e d  f u n c t i o n  i s  r e a l i z e d  w i t h  t h e  
m u l t i p l y i n g  c o n s t a n t  o f  W/ ( R L )  . 
Other  R a t i o n a l  Func t ions .  A system w i t h  a l l  r a t i o n a l  pa rame te r s  
h a s  been p r e s e n t e d  13, 71 .  However, t h i s  system c a l l e d  f o r  a 
r e s i s t a n c e  i n  one d i r e c t i o n  t o  be e q u a l  t o  zero.  The approxima- 
t i o n  o f  a r a t i o n a l  d r i v i n g  p o i n t  f u n c t i o n  can  be o b t a i n e d  t o  
whatever  degree  r e q u i r e d  w i t h  uni form r e s i s t i v i t y .  T h i s  may 
be accomplished by one o f  two methods. I n  ( 7 )  t h e  p o l e  fre- 
quency i s  g iven .  I f  W i s  much less t h a n  I,, t h e n  t h e  v a l u e s  o f  
- A  may be made t h e  dominant p o l e s  and c o n t r o l  t h e  f u n c t i o n  
o v e r  a band of f r e q u e n c i e s .  
as g i v e n  by ( 1 0 ) .  
no 
The Cno v a l u e s  are e a s y  t o  c o n t r o l  
An a l t e r n a t e  p rocedure  i s  t o  p l a c e  p a r a l l e l  conduc t ing  
s t r i p s  a long  t h e  r e s i s t i v e  l a y e r  running  i n  t h e  y d i r e c t i o n .  
A s m a l l  number o f  t h e s e  s t r i p s  i s  u s u a l l y  s u f f i c i e n t .  An e x a c t  
s o l u t i o n  f o r  a g i v e n  number o f  s t r i p s  can  be o b t a i n e d  by l o o k i n g  
a t  t h e  s t r u c t u r e  as a number o f  s t r u c t u r e s  o f  t h e  t y p e  a l r e a d y  
d e s c r i b e d  wi th  i n t e r c o n n e c t i o n s  as shown i n  F ig .  3. Th i s  i s  
long  and t e d i o u s .  A s imple  case i l l u s t r a t e s  t h e  problem. 
L e t  t h e  f u n c t i o n  f ( x )  which bounds e l e c t r o d e  number 3 be 
i n  g e n e r a l  i s  ‘nm Then by ( 1 0 )  C 1 0  = . 5 ,  a l l  o t h e r  Cno = 0 .  g i v e n  by 
. ,  
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I n  t h i s  example t h e  s o l u t i o n  o f  ( 1 8 )  y i e l d s  
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For t h i s  case, t h e  width modes ( m  # 0 )  cor respond t o  h i g h e r  
f requency  p o l e s  than  t h e  c a s e  wi thou t  t h e  s t r i p s .  The t o t a l  
r e s i d u e  f o r  a g iven  p o l e  i s  determined by t h e  sum o f  t h e  
s q u a r e s  o f  t h e  cor responding  Cnm t e r m s  f o r  each  s e c t i o n ;  
whereas t h e  sum 
s t r i p s .  Hence t h e  twofold  r e s u l t s  of t h e  s t r i p s  are t o  move 
t h e  unwanted p o l e s  t o  h i g h e r  f r e q u e n c i e s  and g e n e r a l l y  t o  
r educe  t h e  v a l u e s  of  t h e i r  r e s i d u e s .  I n  p r a c t i c e ,  i f  W i s  t h e  
same o r d e r  of magnitude as L ,  o n l y  a few s t r i p s  a r e  r e q u i r e d .  
Conclusion.  A s i n g l e  network of  t h e  t y p e  d e s c r i b e d  can produce 
a h i g h  order s h o r t  c i r c u i t  t r a n s f e r  admi t tance  i n c l u d i n g  
complex z e r o s  i n  each h a l f  o f  t h e  s p lane .  These t r a n s f e r  
admi t t ances  can always be made r a t i o n a l .  The a l lowab le  p o l e  
v a l u e s  are r e l a t e d .  R a t i o n a l  d r i v i n g - p o i n t  admi t t ances  can 
be  approximated i f  a s m a l l  number of conduct ing  s t r i p s  are 
added t o  t h e  r e s i s t i v e  l a y e r .  
of t h e  Cnm t e r m s  i s  n o t  changed by t h e  added 
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